Abstract. In this paper, we mainly study the mean curvature flow in Kähler surfaces with positive holomorphic sectional curvatures. First, we prove that if the ratio λ of the maximum and the minimum of the holomorphic sectional curvatures < 2, then there exists a positive constant δ > exists for long time and converges to a holomorphic curve if the initial surface satisfies a pinching condition, which generalize one of the main theorems in [HLY].
Introduction
Let (M, J, ω, g ) be a Kähler surface. For a compact oriented real surface Σ which is smoothly immersed in M , the Kähler angle α of Σ in M was defined by ω| Σ = cos αdµ Σ where dµ Σ is the area element of Σ in the induced metric from g. We say that Σ is a symplectic surface if cos α > 0; Σ is a holomorphic curve if cos α = 1.
It is important to find the conditions to assure that the symplectic property is preserved along the mean curvature flow. In the case that M is a Kähler-Einstein surface, the symplectic property is preserved. If the ambient Käbler surface evolves along the Kähler-Ricci flow, Han and Li [HL1] proved that the symplectic property is also preserved. In [LY] , Li and Yang found another condition to assure that the symplectic property is preserved along the mean curvature flow. In this note, we will improving their conditions to assure that along the flow.
In this paper we only consider the ambient Kähler surface with positive holomorphic sectional curvature. Denote the minimum and maximum of holomorphic sectional curvatures of M by k 1 and k 2 , and λ = where C is a positive constant depending only on k 1 , k 2 and δ. As a corollary, min Σt cos α is increasing with respect to t. In particular, at each time t, Σ t is symplectic.
1 Remark 1.1.1. The main theorem in [LY] , the lower bound of δ is , 2). It is easy to check that for each λ ∈ [1, 2), then 29(λ − 1) (48 − 24λ) 2 + (29λ − 29) 2 ≤ min{ 53(λ − 1) (53λ − 53) 2 + (48 − 24λ) 2 , 8λ − 5 (8λ − 5) 2 + (12 − 6λ) 2 }.
Hence we improving the result of the Main Theorem in [LY] .
In analogy to the main theorem in [HL0] , we also prove the following theorem for a Kähler surface with positive holomorphic sectional curvature and 1 ≤ λ < 2. there r 0 is defined in Remark 4.1.1, and ǫ 0 is the constant in White's theorem (Theorem 4.1 in the present paper), the mean curvature flow with initial surface Σ 0 exists globally and it converges to a holomorphic curve.
As a consequence, we obtain that and has the longtime existence. Then the mean curvature flow converges to a holomorphic curve.
Han, Li and Yang proved the following theorem with constant holomorphic sectional curvature, see Theorem 3.2, Theorem 4.1 and Theorem 4.2 in [HLY] . Theorem 1.3 (Han-Li-Yang) . Suppose Σ is a symplectic surface in CP 2 with constant holomorphic
holds on the initial surface for any 1 2 < σ ≤ 2 3 , then it remains true along the symplectic mean curvature flow. Furthermore, the symplectic mean curvature flow exists for long time and converges to a holomorphic curve at infinity.
In this paper, we also prove the similar theorem with positive holomorphic sectional curvature. 
If we assume that |A| 2 ≤ σ|H| 2 + bk 1 and cos α ≥ √ δ holds on the initial surface, then it remains true along the symplectic mean curvature flow. Furthermore, the symplectic flow exists for long time and converges to a holomorphic curve at infinity. 
Hence even in the case of λ = 1, the above theorem improving Han-Li-Yang's Theorem (Theorem 1.3).
Remark 1.4.2. By Lemma 2.3, if λ < 3 2 , then the sectional curvature of M is positive, implies that the bisectional curvature is positive. By Frankel conjecture, which was proved by Siu-Yau [SY] using harmonic maps and by Mori [M] via algebraic methods, then the Kähler surface is biholomorphic to CP 2 .
Preliminaries

Evolution Equations.
Suppose that Σ is a sub manifold in a Riemannian manifold M , we choose an orthonormal basis {e i } for T Σ and {e α } for N Σ. Given an immersed F 0 : Σ → M , we consider a one parameter family of smooth maps F t = F (·, t) : Σ → M with corresponding images Σ t = F t (Σ) immersed in M and F satisfies the mean curvature flow equation:
Recall the evolution equation for the second fundamental form h α ij and |A| 2 along the mean curvature flow (see [CJ1] , [HLY] , [S1] , [W] ).
where R ABCD is the curvature tensor of M and ∇ is the covariant derivative of M . Therefore ∂ ∂t
where
Choose an orthonormal basis {e 1 , e 2 , e 3 , e 4 } on (M, g) along Σ t such that {e 1 , e 2 } is the frame of the tangent bundle T Σ t and {e 3 , e 4 } is the frame of the normal bundle N Σ t . Then along the surface Σ t , we can takes the complex structure on M as the form (cf. [HLY] )
Since Kähler form is self-dual, then J must be the form (7).
Remark 2.0.3. In fact, the above argument also shows that the Kähler form is self-dual. If J is the form (6), then the Kähler form is anti-self-dual, i.e., * ω = −ω, it is impossible for Kähler form. Hence J must be the form (7), then the Kähler form ω must be self-dual.
Recall the evolution equation of the Käbler angle cos α (cf. [CL1] , [HL2] ), Lemma 2.2. The evolution equation for cos α along Σ t is
Here
|∇J Σt | 2 is independent of the choice of the frame and only depend on the orientation of the frame. It is proved in ([CL1] , [HL1] 
for any vector fields X, Y, Z, W . Set R(X, Y ) = R(X, Y, X, Y ) and R(X) = R(X, JX). Fix a point p ∈ M and a two-dimensional plane Π ⊂ T p M . The sectional curvature of Π is defined by
where {X, Y } is a basis of Π, we also denote it by K(X, Y ). For a Käbler manifold (M, g, J) , if the two-dimensional plane Π is spanned by {X, JX}, i.e., Π is a holomorphic plane, then the sectional curvature of Π is called a holomorphic sectional curvature of Π, we denote it by K(X), where {X, JX} is a basis of Π. Then
It is well known that we can express the sectional curvatures by holomorphic sectional curvatures.
Theorem 2.1. The sectional curvatures of M can be determined by holomorphic sectional curvatures by
Theorem 2.2. For any vector fields X, Y and Z on M ,
Lemma 2.3. For any two orthogonal vectors X and Y , set
Proof. Since
by (12), we have
and similarly
Lemma 2.4. For the orthonormal basis {e 1 , e 2 , e 3 , e 4 } on (M, g) along Σ t and takes the form J as (7). Then we have the following estimates: 1)
Proof. By (7), we have
• Je 1 = cos αe 2 + ye 3 + ze 4 , • Je 2 = − cos αe 1 + ze 3 − ye 4 , • Je 3 = −ye 1 − ze 2 + cos αe 4 , • Je 4 = −ze 1 + ye 2 − cos αe 3 . Hence < Je 1 , e 2 >=< Je 3 , e 4 >= cos α, < Je 1 , e 3 >=< Je 4 , e 2 >= y, < Je 1 , e 4 >=< Je 2 , e 3 >= z, then by Lemma 2.3, we get 1)-6).
By Theorem 2.2, (20) R 1213 = 1 4 (R(e 1 , e 2 + e 3 ) − R(e 1 , e 2 − e 3 )). 6
Since Je 1 = cos αe 2 + ye 3 + ze 4 , < Je 1 , e 2 + e 3 >= cos α + y and < Je 1 , e 2 − e 3 >= cos α − y. Then by Lemma 2.3,
and
Hence we obtain 7). Using Theorem 2.2, Lemma 2.3 and the same argument as in the proof of 7) , we can obtain 8)-13).
It is easy to check the following identity 24R 1234
=R(e 1 + e 3 , e 2 + e 4 ) − R(e 1 + e 3 , e 2 − e 4 ) − R(e 1 − e 3 , e 2 + e 4 ) + R(e 1 − e 3 , e 2 − e 4 ) − R(e 1 + e 4 , e 2 + e 3 ) + R(e 1 + e 4 , e 2 − e 3 ) + R(e 1 − e 4 , e 2 + e 3 ) − R(e 1 − e 4 , e 2 − e 3 )
Then by Lemma 2.3, we get
Therefore we get 14). By 1)-14), it is easy to get 15) and 16).
Lower bound along the mean curvature flow
In this section, we following the argument in [LY] to prove the first main theorem of this paper, which improving the main theorem in [LY] . 
, then along the flow
where C is a positive constant depending only on k 1 , k 2 and δ. As a corollary, min Σt cos α is increasing with respect to t. In particular, at each time t, Σ t is symplectic.
Proof. For simplicity, we can take y = sin α, z = 0 in the form of J. In order to prove this theorem, we need to estimate Ric(Je 1 , e 2 ). then
R(cos αe 2 + sin αe 3 , e i , e 2 , e i ) = cos αR 22 + sin α(R 1213 + R 4243 ) = cos αR 22 + sin αR 23 .
By Lemma 2.4, we have
and (31)
Hence we have
It follows that if 1 ≤ λ < 2 and cos α >
, then the right hand side of (28) is positive. Hence we obtain the Theorem 4.1.
Remark 3.1.1. Comparing to the proof in [LY] , we do more carefully to estimate the term R 1213 + R 4243 by Lemma 2.4.
As same as Corollary 1.2 and Theorem 1.3 in [LY] , we also have the following Corollary and Theorem.
Arguing as in [CW] by strong maximum principle, we have Corollary 3.1.1. Suppose M is a Kähler surface with positive holomorphic sectional curvatures and 1 ≤ λ < 2, then every symplectic minimal surface satisfying
Arguing exactly in the same way as in [CL1] or [W] , we have Theorem 3.2. Under the same condition of Theorem 3.1, then the symplectic mean curvature flow has no type I singularity at any T > 0.
When cos α is close to 1
In this section, we will use the same argument of Han and Li [HL0] , to prove that Kähler manifold M with positive holomorphic sectional curvature and 1 ≤ λ < 2, when cos α is close enough to 1, then the mean curvature flow exists globally and converges to a holomorphic curve.
Proposition 4.1. Suppose that M is a Kähler surface with positive holomorphic sectional curvature and 1 ≤ λ < 2. Let α be the Kähler angle of the surface Σ t which evolves by the mean curvature flow. Suppose that cos α(·, 0) >
where C 0 is a constant which depends only on the initial surface,
Proof. By Theorem 3.1, we know cos α(·, t) >
is preserved along the mean curvature flow. Since cos α >
, then by (32), we have
From the evolution equation of cos α, we have
From the proof of Proposition 2.1 in [HL0] , we have Σt cos αdµ t = Σt ω is constant under the continuous deformation in t.
We therefore have
Then it is easy to get that
It follows from (35) that
Integrating the above inequality from t to t + 1, we obtain that
This proves the proposition.
We derive an L 1 -estimation of the mean curvature vector on the time space. 
, where the constant C 0 is defined in Proposition 4.1.
Proof. We have
Remark 4.0.1. Han and Li [HL0] proved the above propositions in the case of Kähler-Einstein manifold M with positive scalar curvature R.
We recall White's local regularity theorem. Let H(X, X 0 , t) be the backward heat kernel on R 4 . Define
Choose normal coordinates in B 2r (X 0 ) and express F using the coordinates (F 1 , F 2 , F 3 , F 4 ) as a surface in R 4 . The parabolic density of the mean curvature flow is defined by
The following local regularity theorem was proved by White (see [Wh, Theorems 3 .1 and 4.1]).
Theorem 4.1. There is a positive constant ǫ 0 > 0 such that if Remark 4.1.1. Since Σ 0 is smooth, it is well known that
4πr 2 dµ 0 = 1 for any X 0 ∈ Σ 0 . So we can find a sufficiently small r 0 such that
where ǫ 0 is the constant in White's theorem.
We state the main theorem in this section as following. 
there C 0 is defined in Proposition 4.1, r 0 is defined in Remark 4.1.1, and ǫ 0 is the constant in White's theorem, the mean curvature flow with initial surface Σ 0 exists globally and it converges to a holomorphic curve.
Proof. The argument is same as in Han and Li [HL0] . For convenience of readers, we provide the argument here. Fix any positive number T . By the definition of Φ, we have
Differentiating the above equation with respect to t, we get that
Integrating the above equation from r 2 to T , and set r = r 0 , then we get Φ(X 0 , T, T − r 
we have use that e −x 2 x ≤ e −1/2 √ 2 2 < 1 2 in the last inequality. Applying White's theorem we obtain a uniform estimate of the second fundamental form which implies the global existence and the convergence of the mean curvature flow. By Proposition 4.2, we have that It follows that cos α ∞ = 1, that is, Σ ∞ is a holomorphic curves. This proves the theorem.
Corollary 4.2.1. Suppose that M is a Kähler surface with positive holomorphic sectional curvature and 1 ≤ λ < 2. Let α be the Kähler angle of the surface Σ t which evolves by the mean curvature flow. If there exists a positive constant δ such that
and has the longtime existence. Then the mean curvature flow converges to a holomorphic curve at infinity.
Proof. We just consider the case of λ > 1. Since δ > 29(λ−1)
, we can choose K = 24(2−λ)
Then we can obtain the result from the proof of Theorem 4.2.
Pinching estimate
This section, we prove a theorem generalizing Theorem 3.2 in [HLY] . First we recall a lemma in [HLY] Lemma 5.1. For any η > 0 we have the inequality
where w
Now we can prove the following theorem. 
,
If we assume that |A| 2 ≤ σ|H| 2 + bk 1 and cos α ≥ √ δ holds on the initial surface, then it remains true along the symplectic mean curvature flow.
Proof. Since we assume λ ≤ 1 + 1 200 , we have
Then by Theorem 4.1 we know cos α ≥ √ δ is preserved by the mean curvature flow.
From the calculation in the proof of Theorem 3.2 in [HLY] , we have
by (5), we have
where |h α | 2 and H α are defined by 
here C is a function. In the following, C always means a function, which might be different at places. In Lemma 5.1, we choose η = 3 4 − σ, then
π 2 ) and y ≥ 0, z ≥ 0. Since y 2 + z 2 = sin 2 α, then by Lemma 2.4, we have
where we have used Cauchy inequality,
Since 1 ≤ λ ≤ 1 + 1 100 , we have
Hence we obtain
At the point |H| = 0, we choose {e 3 , e 4 } for N Σ such that e 3 = H/|H| and choose {e 1 , e 2 } for T Σ such that h
Denote the norm of (h 
Then we have
By Lemma 2.4, we can estimate C 1 as following
Then by the condition b = 2σ−1
, we know C 1 ≤ 0. By Lemma 2.4 and since K = min{2, 2k 1 }, we can estimate C 2 as following
Set t = cos 2 α. Then
8(3−4σ) f (t) and f (t 0 ) = 0. We first to check that f (1) < 0, i.e., −a 1 + a 2 + a 3 < 0, then implies that t 0 < 1. That is
).
Since 0 ≤ x ≤ , we obtain that −1 + 34x + 48
At the point |H| = 0, it is easy to obtain that (also see the inequality (3.12) in [HLY] )
and P 3 = 0. Thus, |A| 2 = Q + bk 1 , by (38) we have
Then it is easy to getC
, C 1 ≤ 0 and C 2 ≤ 0, we haveC 2 ≤ 0. Therefore, from the above argument, we have
for some function C. Applying the maximum principle for the above parabolic equation, we know that Q ≤ 0 along the flow, if it is true on initial surface.
Long time existence and convergence
In this section we prove the long time existence and convergence of the symplectic mean curvature flow under the assumption of Theorem 1.4, using the same argument in [HLY] . For convenience of readers, we provide the detailed proof here.
Theorem 6.1. Under the assumption of Theorem 1.4, the symplectic mean curvature flow exists for long time.
Proof. Suppose f is a positive increasing function which will be determined later. Now we compute the evolution equation of |H| 2 f ( 1 cos α ).
Under the assumptions of the theorem, we have
By the evolution equation of |H| 2 , we have 
x/g ≥ 4σ, −4g ′ + 8g/x − 2 = 0.
We choose c(x) = 1 2 − ax by solving the last equation, where a will be defined later. It reduces to solve the inequality
i.e.,
Note that cos 2 α ≥ 13λ − 10 3(λ + 2) ≥ 1 3
for any σ ∈ ( Applying the maximum principle, we get that sin 2 (α/2) ≤ e − 4 9 k1t . By Theorem 6.1 we know that the symplectic mean curvature flow exists for long time. Thus for any ǫ > 0, there exists T > 0 such that as t > T , we have cos α ≥ 1 − ǫ, sin α ≤ 2ǫ,
Therefore by pinching inequality,
From the evolution equation of |A| 2 , we have
where C 1 , C 2 , C 3 are positive constants that depend only on k 1 , λ, K. Let p > 1 be a constant to be fixed later. For simplicity, we set u = cos α. Now we consider the function Applying the maximum principle, we conclude that |A| 2 e pu is uniformly bounded, thus |A| 2 is also uniformly bounded. Thus F (·, t) converges to F ∞ in C 2 as t → ∞. Since sin 2 ( α 2 ) ≤ e − 4 9 k1t , we have cos α ≡ 1 at infinity. Thus the limiting surface F ∞ is a holomorphic curve. 24
